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Abstract
In this paper we prove a compactness result for compact Kähler Ricci gradient shrinking solitons. If
(Mi, gi) is a sequence of Kähler Ricci solitons of real dimension n 4, whose curvatures have uniformly
bounded Ln/2 norms, whose Ricci curvatures are uniformly bounded from below and μ(gi,1/2)  A
(where μ is Perelman’s functional), there is a subsequence (Mi, gi) converging to a compact orbifold
(M∞, g∞) with finitely many isolated singularities, where g∞ is a Kähler Ricci soliton metric in an orb-
ifold sense (satisfies a soliton equation away from singular points and smoothly extends in some gauge to a
metric satisfying Kähler Ricci soliton equation in a lifting around singular points).
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1. Introduction
Let g(t) be a Kähler Ricci flow on a compact, Kähler manifold M ,
d
dt
gij¯ = gij¯ −Rij¯ = uij¯ . (1)
Very special solutions of (1) are Kähler Ricci solitons.
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biholomorphisms (which are induced by a holomorphic vector field). If this vector field comes
from a gradient of a function, we have a gradient Kähler Ricci soliton. In particular, the equation
of a gradient Kähler Ricci soliton g is
gij¯ −Rij¯ = uij¯ , (2)
with uij = ui¯j¯ = 0.
Soliton type solutions are very important ones, since they usually appear as blow up limits of
the Ricci flow and therefore understanding this kind of solutions helps us understand singularities
that the flow can develop either in a finite or infinite time. Solitons are generalizations of Einstein
metrics (notice that if a function u in (2) is constant, we exactly get a Kähler–Einstein metric).
Compactness theorem for Kähler–Einstein metrics has been considered and proved by Ander-
son [1], Bando, Kasue and Nakajima [2], and Tian [10]. They all proved that if we start with a
sequence of Kähler–Einstein metrics which have uniformly bounded Ln/2 norms of a curvature,
uniformly bounded Ricci curvatures and diameters, and if Volgi Mi  V for all i, then there ex-
ists a subsequence (Mi, gi) and a compact Kähler Einstein orbifold (M∞, g∞) with a finite set
of singularities, so that (Mi, gi) → (M∞, g∞) smoothly away from singular points (in the sense
of Gromov–Cheeger convergence). Moreover, for each singular point there is a neighbourhood
and a gauge so that a lifting of a singular metric in that gauge has a smooth extension over the
origin. The extended smooth metric is also Kähler–Einstein metric. It is natural to expect that
something similar holds in the case of Kähler Ricci solitons.
Our goal in this paper is to prove the compactness result for the Kähler Ricci solitons, that is,
we want to prove the following theorem.
Theorem 2. Let (Mi, gi) be a sequence of Kähler Ricci solitons of real dimension n  6, with
c1(Mi) > 0,
d
dt
gi(t) = gi(t)− Ric
(
gi(t)
)= ∂∂¯ui(t), (3)
with ∇j∇kui = ∇¯j ∇¯kui = 0, such that
(a) ∫
Mi
|Rm|n/2 dVgi  C1,
(b) Ric(gi)−C2,
(c) A μ(gi,1/2),
for some uniform constants C1, C2, A, independent of i. Then there exists a subsequence (Mi, gi)
converging to (Y, g¯), where Y is an orbifold with finitely many isolated singularities and g¯ is a
Kähler Ricci soliton in an orbifold sense (see a definition below).
We have a similar result in the case n = 4, but because of a different treatment we will state it
separately.
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c1(Mi) > 0, satisfying
d
dt
gi(t) = gi(t)− Ric
(
gi(t)
)= ∂∂¯ui(t), (4)
with ∇j∇kui = ∇¯j ∇¯kui = 0, such that
(a) |Ric(gi)| C1,
(b) A μ(gi,1/2),
for some uniform constants C1,A, independent of i. Then there exists a subsequence (Mi, gi)
converging to (Y, g¯), where Y is an orbifold with finitely many isolated singularities and g¯ is a
Kähler Ricci soliton in an orbifold sense.
First of all notice that in Theorem 3 we have one condition less. That is because in the case
n = 4 the condition (a) of Theorem 2 is automatically fulfilled (a consequence of a Gauss–Bonett
formula for surfaces). The approach that we will use to prove Theorem 2 is based on Sibner’s
idea for treating the isolated singularities for the Yang–Mills equations which requires n > 4.
To prove Theorem 3, we will use the techniques developed by Uhlenbeck in [12] to treat the
Yang–Mills equation, and then later used by Tian in [10] to deal with an Einstein equation.
Definition 4. Let (Mi, gi) be a sequence of Kähler manifolds, of real dimension n (n is taken to
be even). We will say that (Mi, gi) converge to an orbifold (M∞, g∞) with finitely many isolated
singularities p1, . . . , pN , where g∞ is a Kähler Ricci soliton in an orbifold sense, if
(a) For any compact subset K ⊂ M∞\{p1, . . . , pN } there are compact sets Ki ⊂ Mi and
diffeomorphisms φi :Ki → K so that (φ−1i )∗gi converge to g∞ uniformly on K and
φi∗ ◦ Ji ◦ (φ−1i )∗ converge to J∞ uniformly on K , where Ji, J∞ are the almost complex
structures of Mi,M∞, respectively.
(b) For every pi there is a neighbourhood Ui of pi in M∞ that is covered by a ball r in Cn/2
with the covering group isomorphic to a finite group in U(2). Moreover, if πi :r → Ui is
the covering map, there is a diffeomorphism ψ of r so that φ∗π∗i g∞ smoothly extends
to a Kähler Ricci soliton C∞-metric on r in Cn/2 with respect to the standard complex
structure.
We will call (M∞, g∞) a generalized Kähler Ricci soliton.
The outline of the proof of Theorem 2 is as follows.
1. Obtaining the -regularity lemma for Kähler Ricci solitons (the analogue of the existing one
for Einstein metrics) which says that a smallness of the Ln/2 norm of a curvature implies a
pointwise bound on the curvature.
2. Combining the previous step together with a uniform Ln/2 bound on the curvatures of soli-
tons in our sequence yields a convergence of a subsequence of our solitons to a topological
orbifold (M∞, g∞) with finitely many isolated singularities. The metric g∞ satisfies the
Kähler Ricci soliton equation away from singular points.
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|Rm(g∞)| on M∞\{singular points}.
4. By the similar arguments as in [1,2,10] we can show that g∞ extends to a C0 orbifold metric
on M∞.
5. Using that Ricci potentials of metrics gi in our sequence are the minimizers of Perelman’s
functional W , henceforth satisfying the elliptic equation, and using harmonic coordinates
around the orbifold points we can show that g∞ extends to a C∞ orbifold metric on M∞.
A lifting of g∞ above orbifold points is a smooth metric, satisfying a Kähler Ricci soliton
equation in the covering space.
Due to Perelman, instead of assuming uniform bounds on diameters and volume noncollaps-
ing constant it is enough to assume condition (c) in Theorem 2 (see the next section for more
details). In [6] Perelman has introduced Perelman’s functional
W(g, f, τ ) = (4πτ)−n/2
∫
M
e−f
[
τ
(
R + |∇f |2)+ f − n]dVg,
under the constraint
(4πτ)−n/2
∫
M
e−f dVg = 1. (5)
He also defined μ(g, τ) = infW(g, · , τ ), where inf is taken over all functions satisfying the
constraint (5).
The compactness theorem for Kähler Einstein manifolds has been established in [1,2,10].
Almost the same proof of Theorem 2 yields a generalization of very well known compactness
theorem in Kähler Einstein case.
Theorem 5. Let (Mi, gi) be a sequence of Kähler Ricci solitons with c1(Mi) > 0, such that the
following holds:
(a) ∫
Mi
|Rm|n/2dVgi  C1,
(b) Ric(gi)−C2 for n 6 and |Ric(gi)| C2 for n = 4,
(c) Volgi (Bgi (x, r)) κrn,
(d) diam(Mi, gi) C3,
for some uniform constants C1,C2, κ,C3, independent of i. Then there exists a subsequence
(Mi, gi) converging to (M∞, g∞), where M∞ is an orbifold with finitely many isolated singu-
larities and g∞ is a Kähler Ricci soliton in an orbifold sense.
Due to Perelman’s results for the Kähler Ricci flow (see [7]), and due to the observation of
Klaus Ecker (that will be discussed in the following section), that was communicated to the
second author by Berhnard List we have the following corollary.
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respectively.
The proof of Theorem 5 is essentially the same as that of Theorem 2. The only difference is
that we do not have a uniform lower bound on Perelman’s functional μ, so we have imposed
uniform bounds on diameters, volume noncollapsing and a euclidean volume growth, which are
also either implied or given, in the case we start with a sequence of Kähler Einstein manifolds.
2. Perelman’s functional μ(g,1/2)
We can normalize our solitons, so that Volgi (M) = 1. In order to prove convergence we need
some sort of -regularity lemma (an analogue of -regularity lemma for Einstein manifolds,
adopted to the case of Kähler Ricci solitons). We will use Moser iteration argument to get a
quadratic curvature decay away from curvature concentration points. Define
Sn(C2,A,V ) =
{
Kähler Ricci solitons g
∣∣ μ(g, τ)A, for all τ ∈ (0,1) and Ric(g)−C2}.
Kähler Ricci shrinking solitons gi from Theorem 2 are in Sn. Due to Perelman we know that
the scalar curvature of a solution g(t) satisfying only the first defining condition of Sn is uni-
formly bounded along the flow. Perelman also showed this implies g(t) is κ-noncollapsed, where
κ = κ(A). In particular, these bounds are uniform for all elements in Sn and∣∣R(gi)∣∣ C˜, (6)
for all i.
Lemma 7. If d
dt
g(t) = g(t)− Ric(g(t)) = ∂∂¯u is a shrinking gradient Kähler Ricci soliton, then
u(t) is a minimizer of Perelman’s functionalW with respect to metric g(t).
Proof. Let f (0) be a minimizer of W with respect to metric g(0). Let φ(t) be a 1-parameter
family of biholomorphisms that come from a holomorphic vector field ∇u(t), such that g(t) =
φ(t)∗g(0). Function f (t) = φ∗f (0) is a minimizer of W with respect to metric g(t) since
e−f (t) dVt = dm = const and since
μ
(
g(t), τ
)
W(g(t), f (t), τ)=W(g(0), f (0), τ)= μ(g(0), τ) μ(g(t), τ),
where the last inequality comes from Perelman’s monotonicity for the Ricci flow. We have that
W(g(0), f (0), τ)=W(g(t), f (t), τ),
and therefore d
dt
W(g(t), f (t), τ ) = 0. On the other hand, e−f (t) dVt = dm = const and by Perel-
man’s monotonicity formula
0 = d
dt
W(g(t), f (t), τ)
= (4πτ)−n/2
∫
e−f (t)
∣∣Rij¯ + fij¯ − gij¯ /(2τ)∣∣2 dVt ,M
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M is compact, f (t) = u(t) (both functions satisfy the same integral normalization condition∫
M
e−f (t) dVt =
∫
M
e−u(t) dVt = (4πτ)n/2). 
Take τ = 1/2. We have our sequence of Kähler Ricci solitons (M,gi) which defines a se-
quence of Kähler Ricci flows {gi(t)}, where gi ∈ Sn(C2,A,V ) and ui is a Ricci potential for gi .
The previous lemma tells us that every ui is a minimizer ofW(gi, · ,1/2) and therefore satisfies
2ui − |∇ui |2 +R(gi)+ ui − n = μ(gi,1/2),
which implies ui = |∇ui |2 + μ(gi,1/2) + R(gi)−C˜, by (6) and condition (c) in Theorem 2.
Since we have a uniform lower bound on ui , as in [7] we have that
ui(y, t) C dist2it (xi, y)+C,
|∇ui | C distit (xi, y)+C,
for a uniform constant C, where ui(xi, t) = miny∈Mi ui(y, t) and distit (x, y) is a distance be-
tween points x and y, measured in metrics gi(t). In order to prove that |ui(t)|C1  C for a
uniform constant C, it is enough to show that the diameters of (Mi, gi(t)) are uniformly bounded.
Since we have (a), (b), (c) and since Volgi (M) = 1 for all i, by the same proof as in [7] we can
show that the diameters of (Mi, gi(t)) are indeed uniformly bounded. Therefore, there are uni-
form constants C and κ such that for all i,
1. |ui |C1  C,
2. diam(Mi, gi) C,
3. |R(gi)| C,
4. (Mi, gi) is κ-noncollapsed.
This immediately implies that Theorems 2 and 3 imply Theorem 5 for dimensions n  6 and
n = 4, respectively.
A uniform lower bound on Ricci curvatures, a uniform volume noncollapsing condition and
a uniform upper bound on diameters give us a uniform upper bound on Sobolev constants of
(Mi, gi), that is, there is a uniform constant S so that for every i and for every Lipschitz function
f on Mi , {∫
Mi
(f η)
2n
n−2 dVgi
} n−2
n
 S
∫
Mi
∣∣∇(ηf )∣∣2 dVgi , (7)
where η is a cut off function on Mi .
A uniform lower bound on Ricci curvatures implies the existence of a uniform constant V
such that
Volgi
(
Bgi (p, r)
)
 V rn, (8)
for all i, p ∈ M and all r > 0. By Bishop–Gromov volume comparison principle we have
Volgi
(
Bgi (p, r)
)
 V−C2(r)
Volgi (Bgi (p, δ)) ,
V−C2(δ)
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Volgi
(
Bgi (p, r)
)
wnV−C2(r) = rnwnV−C2r (1),
where wn is a volume of a Euclidean unit ball and V−C2(r) is a volume of a ball of radius r in a
simply connected space of constant sectional curvature −C2. The term on the right-hand side of
the previous estimate is bounded by V rn, for a uniform constant V , since diam(M,gi)D and
therefore 0 C2r DC2.
Ecker’s observation that finishes the proof of Corollary 6 is as follows.
Lemma 8 (Ecker). There is a lower bound on μ(g, τ) in terms of a Sobolev constant CS for g,
that is,
μ(g, τ)−C(n)(1 + lnCS(g)+ ln τ)+ τ inf
M
R(g).
Proof. Let f be a minimizer forW , and let u = φ2 = (4πτ)−n/2e−f . Then,
μ(g, τ) (4πτ)−n/2
∫
M
(
4τ |∇φ|2 − φ2 lnφ2)dV + τ inf
M
R(g)− c(n)(1 + ln τ)
= I + τ inf
M
R(g)− c(n)(1 + ln τ). (9)
Rescale gτ = g/(4τ), φτ = (4τ)n/2φ. Then,
I =
∫
M
(|∇φτ |2τ − φ2τ lnφ2τ )dVτ ,
with
∫
M
φ2τ dVτ = 1. The usual Sobolev inequality (with constant CS ) implies a logarithmic
Sobolev inequality
∫
M
(|∇w|2 −w2 lnw2)dVg  C(n)(1 + lnCS(g)),
for every w  0 and
∫
M
w2 dVg = 1. Apply the previous inequality to w = φτ and to gτ (note
that CS(gτ ) (1 + 2√τ )CS(g), which implies
I −C(n)(1 + ln((1 + 2√τ )CS(g))). 
Conditions that we are imposing in Theorems 2 and 3 are enough to obtain a uniform upper
bound on Sobolev constants CS(gi). This together with (9) gives a uniform lower bound on
μ(gi, τ ).
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In this section we will establish -regularity lemma for Kähler Ricci solitons.
By Bochner–Weitzenbock formulas we have
|Rm|2 = −2〈Rm,Rm〉 + 2|∇Rm|2 − 〈Q(Rm),Rm〉, (10)
where Q(Rm) is quadratic in Rm. The Laplacian of a curvature tensor in the Kähler case reduces
to
Rij¯kl¯ = ∇i∇l¯Rj¯k + ∇j¯∇kRil¯ + Sij¯kl¯ ,
where S(Rm) is quadratic in Rm. In the case of a soliton metric g ∈ Sn(C2,A,V ) on M , that
satisfies gij¯ −Rij¯ = ∂i ∂¯j u , by commuting the covariant derivatives, we get
Rij¯kl¯ = uj¯kl¯i + uil¯kj¯ + Sij¯kl¯
= uj¯ l¯ki + ∇i (Rj¯kl¯mum)+ uikl¯j¯ + ∇j¯ (Ril¯km¯um¯)+ Sij¯kl¯
= ∇i (Rj¯kl¯m)um + ∇j¯ (Ril¯km¯)um¯ + Sij¯kl¯
= ∇Rm ∗ ∇u+ Sij¯kl¯ , (11)
where we have effectively used the fact that uij = ui¯j¯ = 0 and A ∗B denotes any tensor product
of two tensors A and B when we do not need precise expressions. By using that |u|C1  C on M
and identities (10) and (11) we get
|Rm|2 −C|∇Rm||Rm| + 2|∇Rm|2 −C|Rm|3.
By interpolation inequality we have
|Rm|2  (2 − θ)|∇Rm|2 −C(θ)|Rm|2 −C|Rm|3
 (2 − θ)∣∣∇|Rm|∣∣2 −C(θ)|Rm|2 −C|Rm|3.
We will see later how small θ we will take. Also,
|Rm|2 = 2|Rm||Rm| + 2∣∣∇|Rm|∣∣2,
and therefore,
|Rm||Rm|−θ/2∣∣∇|Rm|∣∣2 −C(θ)|Rm|2 −C|Rm|3. (12)
Denote by u = |Rm|. Then,
uu−θ/2|∇u|2 −C(θ)u2 −Cu3. (13)
We can now prove the -regularity theorem for shrinking gradient Kähler Ricci solitons.
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and  = (n, κ) so that for r < (/V )1/n = r0 if
∫
B(p,2r)
|Rm|n/2 dVg < , (14)
then
sup
B(p,r/2)
∣∣Rm(g)∣∣(x) C
r2
. (15)
Proof. It simplifies matters if we assume r = 1. We may assume that, since (12), condition (14)
and Claim (15) are all scale invariant. We can start with r so that VolBg(p,2r) is sufficiently
small (it will become clearer from the proceeding discussion), then rescale our metric so that
r = 1. In the rescaled metrics, Volg B(p,2) is small and due to the invariance property of Ln/2
norm of |Rm|, ∫
Bg(p,2) |Rm|n/2 <  (we are using g to denote a rescaled metric as well).
We will first prove Lq ′ bound on Rm, for some q ′ > n/2. Let S be a uniform Sobolev constant,
V as in (8).
Lemma 10. There is q ′ > n/2 so that
∫
Bg(p,1) |Rm|q
′
dVg  C, where C = C(n,q ′,V ,S).
Proof. Let φ be a nonnegative cut off function that we will choose later and q  2. Multiply (13)
by φ2uq−2 and integrate it over M .
θ/2
∫
φ2|∇u|2uq−2 +C(θ)
∫
φ2
(
uq + uq+1)

∫
φ2uq−1(−u) 4(q − 1)q−2
∫ ∣∣φ∇(uq/2)∣∣2 + 4q−1 ∫ φuq/2〈∇φ,∇(uq/2)〉. (16)
We can write 4
q2
∫
φ2|∇uq/2|2 for ∫ φ2|∇u|2uq−2, apply Schwartz and interpolation inequalities
to the second term on the right-hand side of (16) and get
2(q − 1)q−2
∫ ∣∣φ∇uq/2∣∣2  2θ
q2
∫
φ2
∣∣∇uq/2∣∣2 +C(θ)∫ φ2(uq + uq+1)
+ 2(q − 1)−1
∫
|∇φ|2uq. (17)
Choose 0 < θ < q − 1 (in particular we can choose θ = (q − 1)/2). Then
(q − 1)q−2
∫ ∣∣φ∇uq/2∣∣2  C ∫ φ2(uq + uq+1)+ 2(q − 1)−1 ∫ |∇φ|2uq, (18)
where C = C(n). Using the Sobolev inequality (let γ = n/(n− 2)) we obtain
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 C˜q2(q − 1)−1
{( ∫
suppφ
un/2
)2/n
+
( ∫
suppφ
dV
)2/n}{∫ ∣∣φuq/2∣∣2γ}1/γ
+ C˜(2q2(q − 1)−2 + 2)∫ |∇φ|2uq,
where C˜ = C˜(n,S,V ). Take  = C˜−1q−2(q − 1)/4 and let φ be a cut off function with compact
support in Bg(p,2), equal to 1 on Bg(p,1) and such that |∇φ| C. Take q = n/2. Then we get
the following estimate:
{∫ ∣∣φuq ′ ∣∣}1/γ  C¯1,
that is,
∫
Bg(p,1)
uq
′
dVg  C¯, (19)
where C¯ = C¯(C2,A,V,n) and q ′ = qγ = nγ/2 > n/2. 
Let q ′ be as in Lemma 10. Take some β > 3/2, let φ be a function with compact support in
Bg(p,1), equal to 1 on Bg(p,1/2) and choose θ = 1/2 in (17). Then the estimate becomes
∫ ∣∣φ∇uβ/2∣∣2  C˜( β2
2β − 3
)(∫
φ2uβ +
∫
φ2uq+1
)
+ 2 β
2
(β − 1)(2β − 3)
∫
|∇φ|2uβ
 C˜
(
β2
β − 1
)(∫
φ2uβ +
∫
φ2uq+1
)
+ 2 β
2
(β − 1)2
∫
|∇φ|2uβ
 C˜1(β + 1)
(∫
φ2uβ +
∫
φ2uβ+1
)
+C
∫
|∇φ|2uβ.
Furthermore, by (19) we have
∫
φ2uβ+1 
( ∫
Bg(p,1)
uq
′
)1/q ′(∫ ∣∣φuβ/2∣∣2γ ′)1/γ ′  C¯2
(∫ ∣∣φuβ/2∣∣2γ ′)1/γ ′ ,
with γ ′ = q ′/(q ′ − 1). By interpolation inequality, with 2∗ = 2n/(n− 2) > 2q ′/(q ′ − 1) > 2,
since q ′ > n/2, we have
∥∥φuβ/2∥∥ 2q′′  η∥∥φuβ/2∥∥L2∗ +C(n,q ′)η−
n
2q′−n
∥∥φuβ/2∥∥
L2,
Lq −1
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∥∥φuβ/2∥∥
L
2q′
q′−1
 Sη
∥∥∇(φuβ/2)∥∥
L2 +C(n,q ′)η
− n2q′−n ∥∥φuβ/2∥∥
L2 .
All this yields
∫
M
∣∣∇(φuβ/2)∣∣2  C˜1(1 + β)
∫
φ2uβ + (C + 1)
∫
|∇φ|2uβ + C˜1C¯2(β + 1)
{∫ ∣∣φuβ/2∣∣2γ ′}1/γ ′
 C˜1(1 + β)
∫
φ2uβ + (C + 1)
∫
|∇φ|2uβ + C˜1(β + 1)C¯2η2
∥∥φuβ/2∥∥2
L2∗
+C(n,q ′)2η− 2n2q′−n ∥∥φuβ/2∥∥2
L2
 C˜1(1 + β)
∫
φ2uβ + (C + 1)
∫
|∇φ|2uβ + C˜1(β + 1)C¯2S
∥∥∇(φuβ/2)∥∥2
L2
+C(n,q ′)2η− 2n2q′−n ∥∥φuβ/2∥∥2
L2 .
Choose η2 = 1
3C˜1(β+1)C¯2S . Then,
∫ ∣∣∇(φuβ/2)∣∣2  C3
∫
|∇φ|2uβ +C4
(
1 + β + (1 + β) 2n2q′−n )∫ φ2uβ
 C5(1 + β)α
∫ (|∇φ|2 + φ2)uβ,
where α is a positive number depending only on n and q ′. Sobolev inequality then implies
(∫ ∣∣φuβ/2∣∣2)1/γ  C(1 + β)α ∫ (|∇φ|2 + φ2)uβ,
where γ = n/(n− 2) as before. Let r1 < r2  r0. Choose the cut off function as follows. Let
φ ∈ C10(Bg∞(p, r2)) with the property that φ ≡ 1 in Bg∞(p, r1) and |∇φ|  C/(r2 − r1). Then
we obtain
( ∫
Bg(p,r1)
uγβ
)1/γ
 C (β + 1)
α
(r2 − r1)2
∫
Bg∞ (p,r2)
uβ,
that is
‖u‖Lγβ(Bg(p,r1)) 
(
C
(β + 1)α
2
)1/γ
‖u‖Lβ(Bg(p,r2)).(r2 − r1)
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sup
Bg(p,1/2)
|Rm|(g)(x)C
( ∫
Bg(p,1)
|Rm|n/2
)2/n
,
for a uniform constant C. Rescale back to the original metric to get (15). 
4. Topological orbifold structure of a limit
By using a quadratic curvature decay proved in Theorem 9, in this section we will show that
we can extract a subsequence of (Mi, gi) so that it converges to an orbifold in a topological sense.
This relies on work by Anderson [1], Bando, Kasue and Nakajima [2] and Tian [10]. Take 0 to
be a small constant from Theorem 9. Define
Dri =
{
x ∈ Mi
∣∣∣ ∫
Bgi (x,2r)
|Rm|n/2 dVgi < 0
}
,
and similarly
Lri =
{
x ∈ Mi
∣∣∣ ∫
Bgi (x,2r)
|Rm|n/2 dVgi  0
}
.
For each i we can find a maximal r/2 separated set, {xik} ∈ Mi , so that the geodesic balls
Bgi (x
i
k, r/4) are disjoint and Bgi (xik, r) form a cover of Mi . There is a uniform bound on the
number of balls mri (centred at xik , with radius r) in Lri , independent of i and r , which follows
from
mri 0 
mi(r)∑
k=1
∫
Bgi (x
i
k,2r)
|Rm|n/2 dVgi m
∫
M
|Rm|n/2 dVti+t  Cm, (20)
where m is the maximal number of disjoint balls of radius r/4 in Mi contained in a ball of
radius 6r , given by
mκ(r/4)n 
m∑
k=1
Volgi Bgi (xk, r/4)Volgi Bgi (x,6r) Crn.
To justify the middle inequality in (20), let K be the number of balls of radius 2r intersecting
each other. They are contained in a ball of radius 6r . We have shown that in this ball we can have
at most m disjoint balls of radius r/4 and therefore K m.
By Theorem 9 we have that for all x ∈ Dri and r  r0,
∣∣Rm(gi)∣∣(x) C2 , (21)r
806 H.-D. Cao, N. Sesum / Advances in Mathematics 211 (2007) 794–818for a uniform constant C. This gives the curvatures of gi being uniformly bounded on Dri , which
together with volume noncollapsing condition implies a uniform lower bound on injectivity radii.
We have seen above there is a uniform upper bound on the number N of points in (Mi, gi) at
which Ln/2 norm of the curvature concentrates. Assume without loss of generality that N = 1.
This enables us to assume that Dri = M\Bgi (xi,2r). Since Kähler Ricci solitons are the solutions
of (4) as well, Shi’s curvature estimates do apply [8] and therefore by (21),
sup
Mi\Bgi (xi ,3r)
∣∣Dk Rm(gi)∣∣ C(r, k).
Denote Gri = Mi\Bgi (xi,3r). By Cheeger–Gromov convergence theorem, we can extract a sub-
sequence so that (Gri , gi) converges smoothly (uniformly on compact subsets) to a smooth open
Kähler manifold Gr with a metric gr that satisfies a Kähler Ricci soliton equation gr −Ric(gr) =
∂∂¯ur .
We now choose a sequence {rj } → 0 with rj+1 < rj/2 and perform the above construction
for every j . If we set Di(rl) = {x ∈ M | x ∈ Drji , for some j  l} then we have
Di(rl) ⊂ Di(rl+1) ⊂ · · · ⊂ Mi.
For each fixed rl , by the same arguments as above, each sequence {Di(rl), gi} has a smoothly
convergent subsequence to a smooth limit D(rl) with a metric grl , satisfying a Kähler Ricci
soliton condition. We can now set D = ⋃∞l=1 D(rl) with the induced metric g∞ that coincides
with grl on D(rl) and which is smooth on D.
Following Section 5 in [1] we can show there are finitely many points {pi} so that M∞ =
D ∪ {pi} is a complete length space with a length function g∞, which restricts to a Kähler Ricci
soliton on D satisfying
g∞ − Ric(g∞) = ∂∂¯u∞,
for a Ricci potential u∞ which is a C∞ limit of Ricci potentials ui away from singular points.
To finish the proof of Theorem 2 we still need to show few things:
(a) There is a finite set of points {p1, . . . , pN }, such that
M∞ = D ∪ {pi}
is a complete orbifold with isolated singularities {p1, . . . , pN }.
(b) A limit metric g∞ on D can be extended to an orbifold metric on M∞ (denote this extension
by g∞ as well). More precisely, in an orbifold lifting around singular points, in an appropriate
gauge, a Kähler Ricci soliton equation of g∞ can be smoothly extended over the origin in a
ball in Cn/2.
We will call points {pi}Ni=1 curvature singularities of M∞ as in [1]. We want to examine the
structure, topological and metric, of M∞.
The proof that M∞ has a topological structure of an orbifold is the same as that of [1,2,10]
in the case of taking a limit of a sequence of Einstein metrics, so we will just briefly outline
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assume it comes from curvature concentration points xi ∈ Mi . By Theorem 9 we have that
sup
M\Bgi (xi ,r)
∣∣Rm(gi)∣∣(x) C
r2
( ∫
Bgi (xi ,2r)
|Rm|n/2 dVgi
)2/n
, (22)
which after taking limit on i and using a smooth convergence away from a singular point p yields
sup
M∞\{p}
|Rm|(g∞)(x) C
r(x)2
( ∫
Bg∞ (p,2r(x))
|Rm|n/2 dVg∞
)2/n
, (23)
where r(x) = distg∞(x,p). Let E(r) = {x ∈ M∞\{p} | r(x) r}. Given a sequence si → 0, let
A(si/2, si) =
{
x ∈ M∞ | si/2 r(x) 2si
}
.
Rescale the metric g∞ by s−2i . Then the rescaled Riemannian manifolds (A(1/2,1), g∞s
−2
i )
have sectional curvatures converging to zero by (23). There are uniform bounds on the covariant
derivatives |Dk Rm| of the curvature of metrics g∞s−2j on A(1/2,2) for the following reasons:
An estimate (22) and Shi’s curvature estimates give us
sup
M\Bgi (xi ,2r)
∣∣Dk Rm(gi)∣∣(x) C
rk+2
.
Letting i → ∞ we get
∣∣Dk Rm∣∣(g∞)(x) C1
r(x)k+2
, (24)
for all x ∈ M∞\{p}. This tells us there are uniform bounds on the covariant derivatives |Dk Rm|
of the curvature of the metric g∞s−2i on A(1/2,2).
As in [1] and [10] we can get a uniform bound, independent of r , on a number of connected
components in E(r). It follows now that a subsequence (A(1/2,2), g∞s−2i ) converges smoothly
to a flat Kähler manifold A∞(1/2,2) with a finite number of components. If we repeat this
process for A(si/k, ksi), for any given k, passing to a diagonal subsequence, it gives rise to a
flat Kähler manifold A∞. As in [1,2,10] we can show that each component of A∞ is a cone on a
spherical space form Sn−1(1)/Γ and that every component is diffeomorphic to (0, r)×Sn−1/Γ .
We will call (M∞, g∞) a generalized orbifold.
So far we have proved the following proposition.
Proposition 11. Let (Mi, gi) be a sequence of compact Kähler Ricci solitons, with c1(Mi) > 0,
such that gi ∈ Sn(C2,A,V ) and such that there is a uniform constant C, so that∫ ∣∣Rm(gi)∣∣n/2 dVgi C.Mi
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compact generalized orbifold (M∞, g∞) with finitely many singularities. Convergence is smooth
outside those singular points and g∞ can be extended to a C0 metric in an orbifold sense (in the
corresponding liftings around singular points).
5. A smooth metric structure of a limit orbifold M∞ for n 6
In this section we will always assume n  6. We will show that a limit metric g∞ can be
extended to an orbifold metric in C∞ sense. More precisely, let p be a singular point with a
neighbourhood U ⊂ M∞. Let Uβ be a component of U\{singular points}. Recall that each Uβ is
covered by ∗r = r\{0}. We will show that in an appropriate gauge, the lifting of g∞ (around
singular points) can be smoothly extended to a smooth metric in a ball r in Cn/2. Metric g∞
comes in as a limit of Kähler Ricci solitons gi ∈ Sn(C2,A,V ). A Sobolev inequality with a
uniform Sobolev constant S holds for all gi . We will show that a Sobolev inequality with the
same Sobolev constant S holds for g∞ as well.
Lemma 12. There is r0 so that for every r  r0,
( ∫
B
v
2n
n−2 dVg∞
) n−2
n
 S
∫
B
|∇v|2 dVg∞, (25)
for every v ∈ C10(B\{p}), where B = Bg∞(p, r).
Proof. Take r0 such that Volg∞ Bg∞(p, r0) V rn0 < 0, where 0 is a small constant from Theo-
rem 9. Let v ∈ C10(B\{p}) and let supp(v) = K ⊂ B\{p}. By the definition of convergence, there
exist diffeomorphisms φi from the open subsets of M\{xi} to the open subsets of M\{p} that
contain K , such that every diffeomorphism φi maps some compact subset Ki onto K , where Ki
is contained in Bi = Bgi (xi, r), for some sufficiently large i (because of the uniform convergence
of metrics on compact subsets). We have that g˜i = (φ−1i )∗gi converge uniformly and smoothly
on K to g∞.
Let Fi = φ∗i (v). Then, suppFi ⊂ Ki ⊂ B(xi, r)\{xi}. Let {ηki } be a sequence of cut-off func-
tions, such that ηki ∈ C10(Bi\{xi}) and ηki → 1 (k → ∞) ∀i, and:
∫
Bi
∣∣Dηki ∣∣2 → 0 (k → ∞).
ηki Fi is a function of compact support in Bi . Then by Sobolev inequality:
( ∫ ∣∣ηki Fi∣∣ 2nn−2 dVgi
) n−2
n
 S
∫ ∣∣D(ηki Fi)∣∣2 dVgi .Bi Bi
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fore: ∫
Bi
∣∣D(ηki Fi)∣∣2  S
( ∫
Bi
∣∣Dηki ∣∣2Ci +
∫
Bi
|DFi |2
(
ηki
)2)
.
Let k tend to ∞. Then we get:
( ∫
Bi\{xi }
|Fi | 2nn−2
) n−2
n
 C
∫
Bi\{xi }
|DFi |2.
Since suppFi ⊂ Ki , after changing the coordinates via map φi we get:
( ∫
K
|v| 2nn−2 dVg˜i
) n−2
n
 S
∫
K
|Dv|2 dVg˜i .
Metrics {g˜i} converge uniformly on K to g∞, so if we let i tend to ∞ in the above inequality,
keeping in mind that suppv = K ⊂ B\{p}, we get that
( ∫
B
|v| 2nn−2 dVg∞
) n−2
n
 S
∫
B
|Dv|2 dVg∞ . 
Remark 13. Observe that (25) also holds for v ∈ W 1,2(B) (by similar arguments as in [2]).
Namely, let Lk(t) be
Lk(t) =
{
k, for t  k,
t, for |t | < k,
−k, for t −k.
Then,
{∫
B
∣∣Lk(v)∣∣2γ
}1/γ
 S
∫
B
∣∣∇Lk(v)∣∣2 = S
∫
|v|<k
|∇v|2.
Letting k → ∞, by Fatou’s lemma we get (25) for v ∈ W 1,2(B).
5.1. Curvature bounds in punctured neighbourhoods of singular points
Choose r ′0 = 2r0 as in Lemma 12. Decrease r ′0 if necessary so that∫
B (p,2r )
|Rm|n/2 dVg∞ < ,
g∞ 0
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whose curvatures satisfy (12), we get that Rm = Rm(g∞) also satisfies
|Rm||Rm|−θ/2∣∣∇|Rm|∣∣2 −C(θ)|Rm|2 −C|Rm|3, (26)
for small θ ∈ (0,1). Our goal is to show that the curvature of g∞ is uniformly bounded on
Bg∞(p,2r0)\{p}. We will use this curvature bound to show a smooth extension of a lifting of
an orbifold metric over the origin in Cn. Denote by u = |Rm|. Function u is then a nonnegative
solution satisfying
uu−θ/2|∇u|2 −Cu2 −Cu3. (27)
This is a special case of more general inequality
uu−θ/2|∇u|2 −Cfu2, (28)
where f ∈ Ln/2. By Fatou’s lemma we also have that
∫
M∞
|Rm|n/2 dVg∞  lim inf
i→∞
∫
M
|Rm|n/2 dVgi  C.
Remember that we are treating the case n 6 which allows us to adopt the approach of Sibner
in [9]. Our goal is to show that u ∈ Lp(B), for some p > n/2, because it will give us a uniform
bound on the curvature of g∞ away from a singular point p. The proof of the following lemma
is similar to the proof of Lemma 2.1 in [9].
Lemma 14. Let u  0 be C∞ in M∞\{p} and satisfy there (27), with u ∈ Ln/2. If u ∈
L2nq0/(n−2) ∩ L2q , with q0 > 0 fixed, then ∇uq ∈ L2 and in a sufficiently small ball B , for all
η ∈ C∞0 (B), ∫
B
η2
∣∣∇uq ∣∣2  C ∫
B
|∇η|2u2q .
Proof. As in [9] we will choose a particularly useful test function. Let
F(u) =
{
uq, for 0 u l,
1
q0
(qlq−q0uq0 + (q0 − q)lq), for l  u,
and
F1(u) =
{
uq−1, for 0 u l,
1
q0
(qlq−q0uq0−1 + (q0−q)lq
u
), for l  u.
Then (see [9]) the following inequalities are satisfied:
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q0
lq−q0uq0 , (29)
uFF ′  qF 2, (30)
(FF ′)′  C′F ′2, C′ > 0, (31)
where the last inequality fails if q0  1/2 (that is the reason we have assumed n > 4 at the
moment). Let η ∈ C∞0 (B), for a sufficiently small ball B and η¯ = 0 in a neighbourhood of p. If
ξ is a test function, from (27) we have∫
∇u∇(uξ) θ/2
∫
|∇u|2ξ +C
∫ (
u2 + u3)ξ.
In particular, choose ξ to be (ηη¯)2F1(u)F ′(u). Integrating by parts, using (31), we get∫ ∣∣∇F(u)∣∣2(ηη¯)2 − θ
C
∫
|∇u|2(ηη¯)2F1F ′
C1
∫
∇uFF ′(ηη¯)∇(ηη¯)+C1
∫
(u+ 1)uFF ′(ηη¯)2,
C1
∫
∇uFF ′(ηη¯)∇(ηη¯) = C1
∫
∇F(u)F (ηη¯)∇(ηη¯)
 1/4
∫ ∣∣∇F(u)∣∣2(ηη¯)2 +C2
∫
F 2
∣∣∇(ηη¯)∣∣2.
Using Lemma 12 and (30) we get
C1
∫
(u+ 1)uFF ′(ηη¯)2  C1q
∫
(u+ 1)F 2(ηη¯)2
 C1q
{∫
(u+ 1)n/2
}2/n{∫
(Fηη¯)
2n
n−2
} n
n−2
 C1qS‖u+ 1‖Ln/2(B)
∥∥∇(ηη¯)∥∥22,
where S is a Sobolev constant. Since u+ 1 ∈ Ln/2, we can choose B small so that
C1qS‖u+ 1‖Ln/2(B) < 1/4.
Then, ∫ ∣∣∇F(u)∣∣2(ηη¯)2 − θ
C3
∫
|∇u|2(ηη¯)2F1F ′ C4
∫
F 2
∣∣∇(ηη¯)∣∣2. (32)
Choose a sequence ηk → 1 on B with
∫ |∇ηk|n → 0 as k → ∞. The term we have to estimate is
∫
η2|∇ηk|2F 2  C(l)
∫
|∇ηk|2u2q0  C(l)
{∫
|∇ηk|n
}2/n{∫
u
2nq0
n−2
}(n−2)/n
,
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(32), we get ∫ ∣∣∇F(u)∣∣2η2 − θ
C3
∫
|∇u|2η2F1F ′ C4
∫
|∇η|2F 2. (33)
We will see later we may assume q0 = 1 and q0  q . Choose small θ so that:
• for u l,
∣∣∇F(u)∣∣2 − θ
C3
F1F
′|∇u|2 = F ′|∇u|2
(
F ′ − θ
C3
F1
)
= uq−1F ′|∇u|2
(
q − θ
C3
)
 0,
• and for u l,
∣∣∇F(u)∣∣2 − θ
C3
F1F
′|∇u|2 = F ′|∇u|2
{
quq0−1lq−q0
(
1 − θ
C3q0
)
− (q0 − q)l
q
u
}
 0.
This implies
∫
ul
∣∣∇F(u)∣∣2η2(1 − θ
C3q
)
 C4
∫
|∇η|2F 2. (34)
For every l we define F . Since for u l, we have that 1
q0
(qlq−q0uq0 + (q0 − q)lq) qq0 uq and
since u ∈ L2q , for every  > 0 there is δ so that whenever Vol(E) < δ, for every l we have∫
E
|∇η|2F 2 < . Moreover, there is l0 so that for all l  l0, we have Vol({u l})
∫
B u
2q
lq
< δ,
which implies ∫
|∇η|2F 2 =
∫
ul
|∇η|2F 2 +
∫
ul
|∇η|2F 2 <
∫
ul
|∇η|2u2q + .
Since F(u) → uq as l → ∞, letting l → ∞ in (34) we get∫
η2
∣∣∇uq ∣∣2  C5
∫
|∇η|2u2q + .
Since  > 0 can be arbitrarily small, we get∫
η2
∣∣∇uq ∣∣2  C5
∫
|∇η|2u2q . 
Lemma 15. Let u be a nonnegative function as above. Then u ∈ Lp , for some p > n/2.
Proof. Since u = |Rm(g∞)| ∈ Ln/2 and n 6 (we have assumed the real dimension n > 4), we
can choose q0 = 1 and q = n/4. Since u is a nonnegative solution of (27), applying Lemma 14
to u, we find that ∇un/4 ∈ L2(B). By Remark 13, we can apply Sobolev inequality to un/4 to
conclude that u ∈ Lp with p = n ( n ) > n . 2 n−2 2
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2
2(n−2) ]. Take q0 = 1,
q ∈ [n/2, n4 2nn−2 ] and repeat the proof of Lemma 14 to get ∇uq ∈ L2(B) for all such q . By
Remark 13 we have u ∈ Ls(B), for s ∈ [n4 2nn−2 , n4 ( 2nn−2 )2]. If we keep on repeating this, at the
kth step we get ∇uq ∈ L2 for q ∈ (0, n4 ( 2nn−2 )k] and u ∈ Lq(B) for q ∈ (0, n4 ( 2nn−2 )k+1]. Since
( 2n
n−2 )
k → ∞ as k → ∞, we can draw the following conclusion.
Lemma 16. If we adopt the notation from above, we have u ∈ Lq(B) and ∇uq ∈ L2(B) for all q .
Remark 17. We could get the same conclusion for nonnegative functions u satisfying (28) with
f ∈ Ln/2 (in the case of u = |Rm(g∞)|, f = u+ 1).
The previous lemma helps us get the uniform bound on the curvature of g∞ in a punctured
neighbourhood of a singular point p, that is, we have the following proposition in the case n > 4.
Proposition 18. There is a uniform constant C and r0 > 0 so that
sup
B\{p}
∣∣Rm(g∞)∣∣(x) C
r20
,
where B = Bg∞(p, r0).
Proof. Combining Lemma 16 and Remark 13, for any cut off function η with compact support
in B and any q we have a Sobolev inequality
(∫ ∣∣ηuq/2∣∣2γ)1/γ  C ∫ ∣∣∇(ηuq/2)∣∣2,
with a uniform constant C. The rest of the proof is the same as the proof of Theorem 9 in the
case of a smooth shrinking Kähler Ricci soliton. We get
sup
Bg∞ (p,r/2)\{p}
∣∣Rm(g∞)∣∣(x) C
r20
. 
5.2. Smoothing property of Kähler Ricci solitons
In Section 4 we have showed that g∞ extends to a C0-metric on M∞ in the sense that each
singular point pi ∈ M∞ has a neighbourhood that is covered by a smooth manifold, diffeomor-
phic to a punctured ball ∗r ⊂ Cn/2. If we denote by φi those diffeomorphisms and by πi the
covering maps, then the pull-back metric φ∗i ◦ π∗i (g∞) extends to a C0-metric on the ball r .
We know that g∞ satisfies a soliton equation away from orbifold points. Note that the metric
φ∗i π∗g∞ is a Kähler Ricci soliton in r , outside the origin. Our goal is to show that g∞ extends
to a C∞-metric on r . That implies φ∗i ◦π∗i (g∞) satisfies the soliton equation on r , that is g∞
is a soliton metric in an orbifold sense (see Definition 4).
Using Proposition 18 in the case n  6 and Proposition 22 in the case n = 4, and harmonic
coordinates constructed in [4], in the same way as in Lemma 4.4 in [10] and in the proof of
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such that ψ extends to a homeomorphism of r and
ψ∗(g∞)ij¯ (x)− δij¯ = O
(|x|2),
∂kψ
∗(g∞)ij (x) = O
(|x|).
This means ψ∗g∞ is of class C1,1 on r , that is, there are some coordinates in a covering of
a singular point of M∞ in which g∞ extends to a C1,1-metric (we may assume g∞ is C1,1 for
further consideration).
Lemma 19. Metric g∞ is actually C∞ on r .
Proof. In Section 3 we have showed that Ricci potentials ui satisfy the following equation:
2ui − |∇ui |2 +R(gi)+ ui − n = μ(gi,1/2),
with ui = n/2 −R(gi) and therefore,
ui = |∇ui |2 − ui + n/2 +μ(gi,1/2). (35)
We have showed that metrics {gi} uniformly and smoothly converge to a metric g∞ on compact
subsets of M∞\{p} (we are still assuming there is only one singular point, a general case is
treated in the same way). The uniform C1 bounds on ui (see Section 3) and a uniform bound on
R(gi), together with condition μ(gi,1/2)A give
A μ(gi,1/2) C˜,
for some uniform constant C˜. We can extract a subsequence of a sequence of converging metrics
gi so that limi→∞ μ(gi,1/2) = μ∞. If we let i → ∞ in (35) we get
u∞ = |∇u∞|2 − u∞ −μ∞ − n/2, (36)
with (u∞)ij = 0 away from a singular point p. Proposition 18 gives uniform bounds on
|Rm(g∞)| on M∞\{p} and therefore,
sup
M∞\{p}
|∇∇¯u∞|g∞ C,
for a uniform constant C. Since we also have that (u∞)ij = (u∞)i¯j¯ = 0, this together with
supM∞\{p} |u∞|C1(M∞\{p}  C (which comes from |ui |C1  C) yields
sup
M∞\{p}
|u∞|C2  C. (37)
Since g∞ is C1,1 in r , and since for any two points x, y ∈ ∗r such that a line xy does not
contain the origin, due to (37), we have |∇u∞(x)−∇u∞(y)| C distg∞(x, y) (the set of such x
and y is dense in M∞). Therefore, ∇u∞ extends to the origin in r . Moreover, u∞ ∈ C1,1(r).
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h = Φ∗g∞ satisfies
h = 2h− ∂∂¯u∞. (38)
Since g∞ ∈ C1(r) and u∞ ∈ C1,1(r), the right-hand side of (36) is in C0,1(r). By elliptic
regularity this implies u∞ ∈ C2,α(r), for some α ∈ (0,1). We have that u∞ ∈ C2,α(r) and
g∞ is of class C1,1(r) and therefore by results of De Turck and Kazdan in [3], u∞ is at least
C1,1 and g∞ is of class C1,1 in harmonic coordinates in r . We will write g∞ for Φ∗g∞ and
from now on when we mention regularity, or being of class Ck,α , we will assume harmonic
coordinates. The right-hand side of (36) is of class C0,1(r), so by elliptic regularity, u∞ is of
class C2,α(r). By elliptic regularity applied to (38), we get g∞ is C2,α(r). From (36) we get
u∞ being of class C3,α(r), since the right-hand side of (36) is in C1,α(r). Now again by (38),
g∞ is of class C3,α in r .
If we keep repeating the argument from above, we will obtain that g∞ is of class Ck in r ,
for any k, that is, there are coordinates ψ in r (disc r covers a neighbourhood of an orbifold
point in M∞), such that ψ∗π∗g∞ in those coordinates extends to a C∞-metric on r , where
π is just a covering map. In particular, the Kähler Ricci soliton equation of ψ∗π∗g∞ holds in
all r . 
6. A smooth orbifold singularity in the case n = 4
In this section we deal with the case n = 4, that is, we want to prove Theorem 3. The first
four sections and the subsection apply to a four-dimensional case, but a different approach has
to be taken when one wants to prove the curvature of a limit metric g∞ is uniformly bounded
away from isolated singularities. We will use the same notation from the previous sections. To
prove that g∞ extends smoothly to a smooth orbifold metric, satisfying the Kähler Ricci soliton
equation in a lifting around each singular point we will use Uhlenbeck’s theory of removing
singularities of Yang–Mills connections in a similar way Tian used it in [10].
Assume M∞ has only one singular point p. Let U be a small neighbourhood of p and let
Uβ be a component of U\{p}. Recall that Uβ is covered by ∗r ⊂ C2 with a covering group Γβ
isomorphic to a finite group in U(2) and π∗βg∞ extends to a C0 metric on the ball r , where πβ
is a covering map. In order to prove g∞ extends to a smooth metric in a covering, we first want to
prove the boundness of a curvature tensor Rm(g∞). The proof is similar to that for Yang–Mills
connections in [12] with some modifications. Considerations based on similar analysis can be
found in [10] and [11]. We will just consider ∗r as a real 4-dimensional manifold.
In Section 4 we saw there is a gauge φ so that by estimates (23) and (24),
‖dgij‖gF (x)
(r(x))
r(x)
,
∥∥∥∥d
(
∂gij
∂xk
)∥∥∥∥
gF
 (r(x))
r(x)2
,
∥∥∥∥d
(
∂2gij
∂xk∂xl
)∥∥∥∥  (r(x))r(x)3 ,gF
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with respect to the euclidean metric gF , and g stands for φ∗g∞.
Let A˜ be a connection form uniquely associated to a metric g∞ on ∗r , that is D˜ = d + A˜
is the covariant derivative with respect to g∞. We can view A˜ as a function in C1,α(B0(p, r),
so(4) × R4) for α ∈ (0,1). The following lemma is essentially due to Uhlenbeck [12], but the
form in which we will state it below can be found in [10]. It applies to our case as well, since we
also have an -regularity theorem as in [10].
Lemma 20. Let r be sufficiently small. There is a gauge transformation u in C∞(B(p,2r), so(4))
such that if D = e−uD˜eu = d + A, then d∗A = 0 on B(p,2r), d∗ψAψ = 0 on ∂B(p,2r), where
d∗, d∗ψ are the adjoint operators of the exterior differentials on B(p,2r) or ∂B(p,2r) with
respect to g, respectively. We also have that
sup
(r,2r)
(‖A‖g(x)) (r)
r
,
where (r) → 0 as r → 0.
We have also the following estimates due to Tian (Lemma 4.2 in [10]).
Lemma 21. Let A be the connection given in Lemma 20. For small r we have
sup
(r,2r)
‖A‖g(x) Cr sup
(r,2r)
‖RA‖g(x),
∫
(r,2r)
‖A‖2g(x) dVg  Cr2
∫
(r,2r)
‖RA‖2g dVg.
Proposition 22. There exist 0 < δ < 1 and r > 0 such that
∣∣Rm(g∞)∣∣(x) C
r(x)δ
,
where r(x) = distg∞(x,p) for x ∈ ∗r .
Proof. The proof is the same as that of Proposition 4.7 in [12]. Let r1 = r/2, . . . , ri = (ri−1)/2,
. . . . Let Ai be a connection given by Lemma 20. As in Lemma 4.3, in [10], if we put Ωi =
(ri, ri−1), we have∫
Ωi
‖RAi‖2g∞ dVg∞ = −
∫
Ωi
〈[Ai,Ai],RAi 〉g∞dVg∞ −
∫
Ωi
〈
Ai,D
∗
i RAi
〉
g∞ dVg∞
−
∫
Si
〈
Aiψ, (RAi )rψ
〉
g∞ +
∫
Si−1
〈
Aiψ, (RAi )rψ
〉
g∞,
where Si = ∂ri , Di = d +Ai . If we sum those identities over i, we get
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∫
(r,2r)
∥∥Rm(g∞)∥∥2 dVg∞ = −∑
i
∫
Ωi
〈
RAi , [Ai,Ai]
〉
dVg∞ −
∑
i
∫
Ωi
〈
Ai,D
∗
i RAi
〉
dVg∞
+
∫
∂r
〈
A1ψ, (RA1)rψ
〉
.
To get the conclusion of Proposition 22 we proceed in exactly the same way as in [10]. We do
not have a Yang–Mills or an Einstein condition, so we have to use the Ricci soliton equation to
estimate a term
∫
Ωi
〈Ai,D∗i RAi 〉dVg∞ that appears below. We know g∞ satisfies
(g∞)ij¯ −Rij¯ = uij¯ ,
with uij = ui¯j¯ = 0. By Bianchi identity we have D∗ Rm = d∇ Ric. Since ∇kRij¯ = −uij¯ ,k =−Rij¯kl¯ , and |∇u| C on ∗r , by Lemma 21 we have
∫
Ωi
〈
Ai,D
∗
i RAi
〉
dVg∞ 
( ∫
Ωi
‖Ai‖2g∞
)1/2( ∫
Ωi
∣∣d∇ Ric∣∣2)1/2
Cri
( ∫
Ωi
|Rm|2 dVg∞
)1/2( ∫
Ωi
|Rm|2 dVg∞
)1/2
= Cri
∫
Ωi
|Rm|2 dVg∞ .
This yields
∑
i
∫
Ωi
〈
Ai,D
∗
i RAi
〉
dVg∞  Cr
∫
(r,2r)
|Rm|2 dVg∞ .
Similarly as in [10] we get
|Rm|g∞(x)
C
r(x)δ
,
for x ∈ ∗r ; for sufficiently small r and some δ ∈ (0,1). 
Section 6 applies to the case n = 4 as well and that concludes the proof of Theorem 3.
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